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ABSTRACT

Tidal rectification over a two-dimensional finite-amplitude symmetrica! bank is studied using the Blumberg
and Mellor primitive equation coastal ocean circulation model (ECOM-si). In the homogeneous case, the
nonlinear interaction of tidal currents with the variable bottom topography generates an along-isobath residual
circulation over the bank, which tends to increase as either the slope or height of the bank is increased. In the
stratified case, internal waves at tidal and higher frequencies are generated over the sloping sides of the bank.
Tidal mixing occurs in the bottom boundary layer, leading to horizontal tidal mixing fronts. The resulting
stratified tidal rectification associated with the tidal mixing front, the generation of internal tides, and the
modification of internal friction due to stratification leads to a subsurface intensification of the along-isobath
residual current at the front and at the top of the bottom mixed layer over the slope, and a cross-bank double
cell circulation pattern centered at the front near the shelf break. Model results for tidal mixing are in reasonable
agreement with a simple energy argument in which the thickness of the tidal mixed layer is proportional to the
magnitude of the tidal current and inversely to stratification.

1. Introduction

The basic mechanism of tidal rectification over a
variable bottom topography was first studied by Huth-
nance (1973). Based on a two-dimensional homoge-
peous fluid model with no along-isobath variation,
Huthnance suggested that an along-isobath residual
current can be generated against bottom friction by the
nonlinear transfer of momentum from the oscillating
tidal currents to the mean flow. This mechanism can
be alternatively interpreted using a simple vorticity ar-
gument. Since the flood tidal current advects negative
vorticity to shallow regions and the ebb tidal current
advects positive vorticity to deep regions, the net cross-
isobath advection of relative tidal vorticity over a tidal
cycle can maintain the along-isobath residual flow
against friction (Zimmerman 1978, 1980, 1981; Rob-
inson 1981; Maas 1987).

The magnitude and vertical structure of tidally rec-
tified flow depends critically on the horizontal and ver-
tical scales of the bottom topography, the magnitude
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of the tidal current, friction, and stratification. The re-
sidual flow is significant only in the case where the
tidal wavelength is much longer than the scale of bot-
tom topography (Loder 1980). The magnitude of the
residual flow tends to incréase as the bottom slope be-
comes steeper and the tidal current becomes stronger.
Bottom friction is important to balance the net diver-
gence of the across-isobath tidal momentum flux
(Loder 1980). Also, friction associated with turbulent
mixing in the bottom boundary layer can cause vertical
shear and phase shift in the tidal current, which in turn
leads to vertically nonuniform momentum transport
for both tidal and residual flows (Tee 1979, 1980;
Wright and Loder 1985). When stratification is added,
the magnitude and vertical structure of the residual
current can be modified by a tide-induced front due
to turbulent mixing (Loder and Wright 1985), internal
tidal generation over the sloping bottom (Maas and
Zimmerman 1989a,b), and the modification in inter-
nal and bottom friction due to stratification (Loder
and Wright 1985; Tee 1985).

Little is known about the inflience of tidal mixing
and internal tidal generation on stratified tidal rectifi-
cation over finite-amplitude bottom topography. Gar-
rett and Loder (1981) developed a steady analytically
tractable diagnostic model for the quasigeostrophic
two-dimensional mean circulation associated with a
density front over a sloping bottom in a continuously
stratified fluid. This linear model predicts the geo-
strophic flow along the front driven by the horizontal
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density gradient and a double cell circulation pattern
across the front caused by the pressure gradient force
against friction. Coupling linearly the diagnostic frontal
model into a depth-dependent tidal model with zero
net across-bank transport, Loder and Wright (1985)
studied the influence of the density front on the tidally
rectified currents over Georges Bank. They found that
the along-bank mean flow intensifies at the surface due
to the density front and a relatively strong cross-bank
double cell circulation occurs on either side of the bank.
However, linear superposition of frictionally controlled,
tidally rectified and density front-induced currents re-
sults in two surface-intensified maximum cores of
along-bank mean current on the northern flank of the
bank, a prediction which is not supported by obser-
vations on the northern side of Georges Bank where
the along-bank mean current flows northeastward as
a single along-bank jet (Loder et al. 1992). In fact,
stratified tidal rectification is an inherently nonlinear
problem so that frictional and density-front-induced
currents cannot be reproduced in detail through linear
superposition.

Maas and Zimmerman (1989a,b) recently investi-
gated tidal rectification associated with internal tidal
generation using multiple scale analysis. Based on the
different length scales of the barotropic and internal
tidal waves, Maas and Zimmerman considered the os-
cillation of a barotropic tidal current in a linearly strat-
ified fluid over small amplitude bottom topography.
This problem is analytically tractable provided that
friction is weak and the feedback influence of the re-
sidual flow on the tidal flow is ignored. Interaction of
a barotropic tidal current over topography in a linearly
stratified fluid produces a damped propagating internal
tidal wave across the variable bottom topography; the
nonlinear interaction between either the barotropic and
internal tidal currents or the internal tidal currents
themselves then causes a nonpropagating transient,
which generates the along- and cross-isobath tidally
rectified flow over the topography. Unlike the homo-
geneous case, the structure of the harmonic and residual
currents depends critically on the strength of the strat-
ification. The internal tidal and residual currents are
bottom intensified as the internal Rossby deformation
radius (/; = NH/f) approaches and exceeds the ex-
cursion amplitude of the barotropic tidal current (/,
= U/ w) or the topographic length scale (/,). While the
Maas and Zimmerman analysis provides a clear picture
of some of the physical processes involved in stratified
tidal rectification, direct application of their model to
study more realistic stratified tidal rectification is not
possible due to the limitations of small amplitude to-
pography, weak nonlinearity, and the absence of tidal
mixing.

In this paper, we attempt to identify and understand
the basic driving mechanisms that occur in stratified
tidal rectification over finite-amplitude topography.
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Since previous work has shown that the dynamical
processes will be strongly coupled nonlinearly, we ap-
proach this problem numerically and use the primitive
equation coastal ocean circulation model developed
by Blumberg and Mellor (1987) to obtain solutions in
several idealized cases. To better understand the model
dynamics and compare with previous theoretical work,
we have simplified this initial study to a two-dimen-
sional problem involving a finite-amplitude symmetric
bank in which the along-isobath variation for all in-
dependent variables is ignored. Since our ultimate ob-
jective is to understand stratified tidal rectification over
Georges Bank, we pick model parameters for this initial
study consistent with Georges Bank. In a subsequent
study (Chen et al. 1995), we use this numerical model
to study the influence of the asymmetry in the cross-
bank topography of Georges Bank on stratified tidal
rectification.

This paper consists of seven sections. In section 2,
the model is described. In section 3, the results of strat-
ified tidal rectification with different stratification over
a finite-amplitude symmetric bank are described and
discussed. In section 4, a diagnostic analysis of the mo-
mentum and heat balances is made to study the driving
mechanisms of homogeneous and stratified tidal rec-
tification over finite-amplitude bottom topography. In
section 5, a simple energy argument is used to study
tidal mixing and compare with model predictions. The
vertical structure of the barotropic and internal tides
is described in section 6, and conclusions are given in
section 7.

2. The numerical model

The Blumberg and Mellor (1987) model is a three-
dimensional Boussinesq, hydrostatic, nonlinear, coastal
ocean circulation model. It incorporates the Mellor and
Yamada (1982) level 21/, turbulent closure model to
provide a realistic parameterization of vertical mixing,
and a free surface to simulate surface wave propagation
such as tides and long gravity waves. A g-coordinate
transformation is used in the vertical and a curvilinear
coordinate system in the horizontal, which allows
smooth representation of finite-amplitude bottom to-
pography and variable coastline geometry. Unlike the
original Blumberg and Mellor (1987) time-splitting
model, a version of their model (called ECOM-si) in-
corporates a semi-implicit scheme in the horizontal for
the barotropic mode, which treats the barotropic pres-
sure gradient in the momentum equations and the ve-
locity convergence in the continuity equation implic-
itly. This method leads to a linear symmetrical diagonal
system at each time step, which can be solved efficiently
by a preconditioned conjugate gradient method with
no sacrifice in computational time (Casulli 1990). The
original 3D model formulation is described in detail
by Blumberg and Mellor (1987) and Mellor (1992),
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and the semi-implicit version ECOM-si, which we use
in this study, is described in detail by Blumberg
(1992).!

In a system of orthogonal Cartesian coordinates with
x increasing northward (in the cross-isobath direction ),
yincreasing westward (in the along-isobath direction ),
and z increasing upward, the primitive equations in a
two-dimensional form with no along-isobath variation
(3/0y = 0) are

ot ax a
A LK R ()
%tq+u(%+wgg+fu=6_a—Km%Z+Fm (2)
g—f=—pg, (3)
%’+u%+w§—z=£l@g‘g+ﬂ’ (5)
Proal = Protal(0, So), (6)

where u, v, and w are the x, y, and z velocity com-
ponents, § the potential temperature, s; the reference
salinity, p the pressure, fthe Coriolis parameter, g the
gravitational acceleration, K, the vertical eddy viscosity
coefficient, and K the thermal vertical eddy friction
coefficient; F,,, F,, and F, represent the horizontal mo-
mentum and thermal diffusion terms; and p and p, are
the perturbation and reference densities, which satisfy

Protal = po T p. (7

To simplify the model problem, we make salinity con-
stant (5o = 35 psu) everywhere in the computational
domain so that density depends solely on temperature.

The second-order turbulent closure scheme (level
21/2) developed by Mellor and Yamada (1974, 1982)

! This work was started before the final version of ECOM-si was
developed, and we did not incorporate the Galperin et al. (1988)
modification of the stability functions, which are now included in
ECOM-si as described by Blumberg (1992). After this work was com-
pleted, we reran several experiments to determine if the Galperin et
al. (1988) modifications made much difference in our results and
concluded that the primary results presented in this paper are robust
and the locations of the tidal mixing front and associated residual
currents do not depend significantly on which stability functions are
used. We did find, however, that the rate of tidal mixing depends on
the choice of stability functions and, to a lesser extent, the vertical
grid resolution. With the Galperin et al. (1988) modifications, the
time interval required for the bottom mixed layer to reach a quasi
equilibrium was increased [the results presented in section 5 were
obtained with the Galperin et al. (1988) modifications].
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is used to close the model problem in which the vertical
eddy viscosity and diffusion coefficient are parameter-
ized based on a turbulent kinetic energy and a turbulent
macroscale equation. Under the boundary layer ap-
proximation where the shear production of turbulent
energy can be neglected except in the vertical, the two-
dimensional turbulent kinetic energy and turbulent
macroscale equations simplify to

T .
a Yax W
d (. og*
=2(PS+P,,—e)+a—z(aniz)+Fq, (8)
aq?l dq?l dq?l
ot U ox v 0z .
w\ 8 (. ag¥
=IE|P,+P,— e— | +— K, 2 ,
‘( b ‘eE.) az(K" 82)+F1 ®)

where g2/2 = 4(u'? + v'2) is the turbulent kinetic en-
ergy, / the turbulent macroscale, K, the eddy diffusion
coefficient of the turbulent kinetic energy, and F, and
F,represent horizontal diffusion of the turbulent kinetic
energy and macroscale; P; and P, are the shear and
buoyancy productions of turbulent energy, defined as

2 2
P = KM[(%) " (@) ] P=£K,2; (10)
az az} Po az
e is the turbulent energy dissipation given by ¢ = g*/
(Byl), W a wall proximity function defined as W
=1+ E(l/«L)*, (L)' =(n—2)"' +(H+2)"",
x the von Karman constant, H the water depth, 5 the
free surface elevation, and E,, E,, and B, are em-
pirical constants. Parameterization has been made
for vertical turbulent momentum and heat fluxes in
the model where the vertical fluxes of horizontal tur-
bulent momentum —{w'u’) and —(w'v") are ex-
pressed in terms of the product of vertical eddy vis-
cosity and vertical shear of the horizontal velocity,
and the vertical heat flux —{8'w") is given in terms
of the product of vertical thermal diffusion coefficient
and vertical density gradient. A small amount of
horizontal diffusion is retained to help ensure nu-
merical stability: for homogeneous experiments, the
horizontal diffusion coefficients are set equal to 1
m? s~!, while for experiments with stratification, the
coefficients equal 20 m%s™'.
The turbulent kinetic energy and macroscale equa-
tions are closed by defining

Ky = lgSy, Ky = 1Sy, K,=021q,
where Sj, and Sy are stability functions given by
CpD, + CnDy _ Cy D, - CiD,
CiCn + CCo” ™7 ClCu + CHCy
(12)

(11)

SM=
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where
Cii = 64,4,Gp,
Ci2=1— (2428, — 124, A2)Gy, Dy = A,
Coy = 1+ 642Gy — 94,4,Gy,
Cy, = (1243 + 94,4,)Gy, D, = Ai(1 — 3Cy),
and

P{ou\? | [dv)? P (gap
o=l (a) (@) ] o= alhz)

With the empirical constants given, the stability func-
tions are determined by solving a linear algebraic equation
and the solutions depend on the vertical shear of mean
flow and stratification. All empirical constants mentioned
above have been assigned by Mellor and Yamada (1982)
based on laboratory experiments; they are

(AlaAZ’ Bl’ st CI’EI’EZ)

=(0.92, 0.74, 16.6, 10.1, 0.08, 1.8, 1.33). (13)

In the absence of wind stress and surface and bottom
heat fluxes, the surface and bottom boundary condi-
tions are

u_ow_a_
dz 0z o9z
g>=q*=0 at z=n(x,t)
_On dn
) tu ox
( Hd’
1 1
E(Hd + Hy) + E(Hd — Hy) COS(
h(.X) = ﬁ Hy,

Hda

where h(x) is the height of the bank, and H and H,
are the water depths over the flat top of the bank and
in the deep region away from the bank, respectively.
This formula was first used by Loder (1980) in his
barotropic model to provide a smooth bottom topog-
raphy with continuous first derivatives 4’( x) across the
bank. The water depth in our numerical experiments
is chosen as 300 m in the deep region away from the
bank and 100 or 50 m over the top of the bank.

The numerical model uses the o-coordinate trans-
formation ¢ = (z — 5)/(H + 7) to map the bank to-
pography into a flat-bottom domain, where o/varies
from O at the free surface to —1 at the bottom; ¢ is
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and

K2 ) o (e )
dz "9z Po  Po

— R2/3,,2
qz_Bl/ Usp

> at z=—H(x),
gl = 9% _ 0
9z
w= ~—u21;1
ax J

where 74, and 7,, are the x and y components of bottom
stress, and u,, the friction velocity associated with the
bottom stress. The bottom stress is determined by
matching a logarithmic bottom layer to the model at
a height z,, above the bottom so that

(7oxs Toy) = CaVu? + v3(u, v), (14)
where
K2
Cd=max(m,0.0025), (15)

and z; is the bottom roughness parameter, taken here
as zop = 0.001 m.

The numerical model domain is shown in Fig. .
The depth distribution of the symmetrical bank is ex-
pressed analytically by

m(x — x,,))
Xsy xfl ’

m(x — ch))

ch - xsz

discretized with a uniform grid. The number of ¢ grid
points is chosen as KB = 31 (Ac = 1/(KB — 1)
= 0.033) in order to provide good resolution of the
bottom boundary layer transport (Chen 1992), while
minimizing the finite-difference error in the baroclinic
pressure gradient over steep topography (see the ap-
pendix ). The matching height for the bottom log layer
in (16) is taken as z,, = z(KB — 1) — z(KB).

The numerical model domain incorporates non-
uniform horizontal resolution. A fine grid with incre-
ment Ax, is taken agross and near the bank, with a
linearly increasing finction used-'to connect it to a
coarse grid with increment A x near the open boundary.
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FIG. 1. Numerical model domain: { is the free surface, {, the amplitude of the M, tidal wave
at the upstream boundary, » the M, tidal frequency, and H, and H, the water depths on and off
the bank. The bank is symmetric about its center; /, is the topographic scale. Due to our ultimate
objective of applying this model to Georges Bank, we will refer to the upstream boundary at x
= (0, where the tidal forcing is imposed as the southern boundary and the downstream boundary

as the northern boundary.

The advantage of this nonuniform grid is to filter out
short internal waves propagating toward the open
boundaries without losing horizontal resolution near
the bank, thus reducing the strength of the artificial
sponge layer used at the open boundaries. In our ex-
periments, Ax is taken as 11.96 km, and AXx; is 2.5
km for homogeneous cases and 1.25 km for stratified
cases. The model time step is 110.4 sec based on the
condition of minimum reflection from the open
boundary (VgH, At/ Ax = 0.5, Chapman 1985).

The model is forced by the barotropic M, tide (with
an amplitude {, = 0.5 m) at the upstream boundary
(which we will call the southern boundary). Also, a
gravity wave radiation_boundary condition (with a
propagation speed of VgH,) is specified at the down-
stream (northern) boundary to allow the tidal wave to
propagate out of the computational domain with min-
imum reflection (see Chapman 1985 for a compre-
hensive discussion). Since the radiation boundary
condition in the finite-difference scheme only allows
the barotropic tidal wave to travel out of the compu-
tational domain, we add a sponge layer near each open
boundary to absorb the internal waves propagating to-
ward the boundary.

The model has been run with homogeneous, weak
and strong stratification over a finite-amplitude sym-
metric bank. Initial temperature distributions for weak
and strong stratification cases are given by simple linear
functions of z based on observations made across
Georges Bank during winter and summer 1979 (Flagg
1987). The initial surface and bottom (at a depth of

300 m) temperatures are taken as 20° and 11°C for
the strong stratification case and 13° and 11°C for the
weak stratification case. The initial Brunt-Vaiséld fre-
quency N is equal to 107257 (3 X 1072 s7!) in the
strong (weak ) stratification cases. To avoid transients
due to sharp initial conditions, we ramp up the model
tidal forcing from zero to full value over one and one-
half days. Once the tidal currents reach a quasi-equi-
librium state (Chen 1992), the residual flow and mean
temperature fields are obtained by averaging over one
tidal cycle. :

3. The model results

a. Along-isobath residual flow and mean
temperature structure

Figure 2 shows the structure of along-isobath residual
current (D) and mean temperature (T') for different
stratification cases across a finite-amplitude symmetric
bank with /, = 50 km and H, = 100 m. In the homo-
geneous fluid case (Fig. 2a), the model predicts a to-
pographically controlled, surface-intensified jetlike
along-isobath residual current on both sides of the bank
with a maximum velocity of about 2.4 cm s™! near the
shelf break. In our model domain, the along-isobath
flow is positive toward the (west) along the southern
side of the bank and negative (toward the east) along
the northern side, consistent with the general prediction
of homogeneous tidal rectification of clockwise flow
around elongated east-west banks in the Northern
Hemisphere. In the weak stratification case with N
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FIG. 2. Structure of along-isobath residual current () and mean
temperature (7)) for the (a) homogeneous, (b and c) weak, and (d
and e) strong stratification cases. The water depth H, = 100 m over
the bank, and H, = 300 m away from the bank. The topographic
scale /, = 50 km. The contour interval is 0.6 ¢cm s~ for the residual
current and 0.3° and 0.5°C for mean temperature in the weak and
strong stratification cases, respectively. The value at the left lower
corner in each current figure is the maximum velocity. (Note: The
maximum velocity is not contoured in this figure due to lack of
resolution in the contouring program.)
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=3 X 107% s~! (Figs. 2b,c), turbulent mixing associated
with relatively strong tidal currents results in a mixed
layer about 60 m thick above the bottom over the bank
and hence creates the tidal mixing fronts near the shelf
break on both sides of the bank. Next to this front,
tidal mixing plus thermal diffusion also generates a
bottom mixed layer over the slope, thinner in the deep
region and thicker as the water becomes shallower. As
a result, the along-isobath residual current intensifies
at the front with a maximum of about 4.4 cm s™' at a
height of 30 m above the bottom, and the axis of the
strongest currents coincides with the top of the bottom
boundary layer over the upper slope. When stratifi-
cation is increased to N = 1072 s~} (Figs. 2d,e), tidal
mixing is reduced and hence the thickness of the bot-
tom mixed layer decreases to 40 m over the top of the
bank. Although the structure of the along-isobath re-
sidual current remains almost unchanged, the strength
of this current intensifies as stratification increases. The
maximum velocity is found to be 9.4 cm s™! at the
front at a height of 20 m above the bottom, about four
times as large as that in the homogeneous case and
about twice as large as that in the weak stratification

case. The horizontal scale of the along-isobath residual
flow (i.e., the width of the current greater than 0.3

cm s~ ') on either side of the bank tends to be wider
as stratification increases. It is about 35 km in the ho-

mogeneous case but increases to 45 km in the weak
stratification case and 60 km in the strong stratification

case. The offbank decay distance of this current is about

20 km in the homogeneous case but about 30 and 40

km in the weak and strong stratification cases, respec-

tively. The decay scale of the current in the stratified

cases seems not to be controlled strictly by the internal

Rossby deformation radius [/; = NH;/f = 10 (weak

stratification case) or 30 km (strong stratification

case)].

The model was also run with different topographic
slopes (/, = 25 and 12.5 km) and heights of the bank
(H, = 50 m) to investigate the dependence of tidal
mixing and residual flow on bottom topography. As
an example, Fig. 3 shows the structure of along-isobath
residual current and mean temperature for different
stratification with /, = 50 km and H, = 50 m. As H,
decreases from 100 to 50 m, mass conservation results
in increased barotropic tidal currents over the bank,
with maximum velocities of 70 cm s™! in % and 50
cm s~ in v, about 15-20 cm s~! larger than when H,
= 100 m. As a result, the maximum along-isobath re-
sidual flow in the homogeneous case increases to 7
cm s”!, even though the structure of this flow remains
unchanged (Fig. 3a). The stronger tidal currents also
cause increased turbulent mixing that mixes the whole
water column over the top of the bank, creating the
well-defined symmetric thermal fronts at the 78-m iso-
bath in the weak stratification case (Fig. 3b) and at the
56-m isobath in the strong stratification case (Fig. 3d).
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F1G. 3. Structure of along-isobath residual current (v) and mean
temperature (7) for the (a) homogeneous, (b and c) weak, and (d
and e) strong stratification cases. The water depth H; = 50 m over
the bank and H; = 300 m away from the bank. The topographic
scale /, = 50 km. The contour interval is 0.6 cm s~ for residual
currents and either 0.3° or 0.5°C for mean temperature in the weak
and strong stratification cases. The value at the left lower corner in
each current figure is the maximum velocity. (Note: The maximum
velocity is not contoured in this figure due to lack of resolution in
the contouring program.)
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As aresult, the along-isobath residual current intensifies
at the front with a maximum velocity of either 9.4
cm s™! at the surface in the weak stratification case
(Fig. 3c) or 16.8 cm s™' at a depth of about 20 m from
the surface in the strong stratification case (Fig. 3¢).
The cross-isobath scale of along-isobath residual flow
remains unchanged for homogeneous, weak and strong
stratified cases as the height of the bank is increased.
This result implies that the horizontal scale of the tidal-
rectified flow is independent of the height of the bank.
In addition, the numerical experiments with different
topographic scales show that steepening the bottom
slope does not change the thickness of the tidal mixed
layer over the bottom, even though it does tend to
strengthen the residual flow and decrease the cross-
isobath motion scale in the homogeneous case (Chen
1992).

b. Cross-isobath residual flow and mean surface
elevation structure

Figure 4 shows the distribution of the mean surface
elevation (¢), cross-isobath residual current (%), and
the vertical residual velocity (W) in the strong stratifi-
cation case with H; = 50 m and /, = 50 km (corre-
sponding to Figs.-3d,e). A relatively strong cross-iso-
bath double cell circulation pattern is found on both
sides of the bank where the water tends to be upwelled
to the surface along the bottom slope and the axis of
maximum horizontal gradient of temperature and then
downwelled on both sides of the front (Fig. 4b), causing
convergence near the bottom and divergence near the
surface (Fig. 4c). The maximum vertical velocity is
about 3 X 107> cm s™! in the upwelling region and
about 5 X 1072 cm s™! in the downwelling region, cor-
responding to a cross-isobath current of about 2.0
cm s”! near the surface and bottom at the front. A
very smooth and large gradient of mean surface ele-
vation is observed across the bank, which results in a
barotropic along-isobath geostrophic mean current of
about 4.3 cm s ! where the upwelling is strongest ( Fig.
4a). This barotropic current accounts for almost one-
fourth of the total along-isobath residual current, im-
plying that the surface pressure gradient is important
in the momentum balance in stratified tidal rectifica-
tion. The structure of the cross-isobath residual current
and mean surface elevation in the weak stratification
case (not shown ) is similar except for the weaker mag-
nitudes in the currents and the mean surface elevation.
The maximum vertical velocity is about 5.0 X 1073
cm s™! in the upwelling region and 1.0-2.0 (X103
cm s~ ') in the downwelling region, which corresponds
to a cross-isobath horizontal velocity of about 1.0
cm s~! at the surface and 0.5 cm s™! near the bottom
(Chen 1992). The maximum horizontal surface pres-
sure gradient is about 1.9 X 10~7 over the slope, re-
sulting in an along-isobath barotropic current of about
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1.8 cm s7!, 2.5 cm s~! smaller than that in the case of
strong stratification.

Unlike the stratified cases, two minima in mean sea
level elevation are found near the points of maximum
along-isobath residual flow in the homogeneous case,
which correspond to a maximum horizontal divergence
in the cross-isobath residual current (Chen 1992).
However, the strength of the cross-isobath currents and
the mean surface elevation is much smaller than those
in the stratified cases. For example, in the case of H,
= 50 m and /, = 50 km, the maximum of cross-isobath
residual flow is only about 0.1 cm s~ in & and less
than 1073 cm s~ in w. The cross-isobath gradient of
mean surface elevation is about 0.5 X 10”7 over the
slope, which can only generate an along-isobath geo-
strophic velocity of about 0.5 cm s™!, which is only
7% of the total along-isobath mean current.

¢. Comparison with previous analytical models

Model results in the homogeneous case obtained in
these numerical experiments are qualitatively consis-
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tent with analytical solutions from either simplified
depth-averaged models (Loder 1980; Zimmerman
1978, 1980) or depth-dependent models (Wright and
Loder 1985; Tee 1985, 1987). Based on the harmonic
truncation method, Loder (1980) analytically predicted
a clockwise-like residual circulation over Georges Bank
with a maximum near the shelf break and decaying
exponentially away from the bank. Young (1983) and
Maas et al. (1987) separately used second-order mo-
mentum and spectral theories to argue that the residual
flow should be a jetlike circulation limited over the
bank. Our numerical results show an along-isobath re-
sidual circulation over a finite-amplitude symmetrical
bank, which is in good agreement with their theories.
A friction-induced, double cell, cross-isobath mean
circulation over Georges Bank was predicted by Loder
and Wright (1985) with a depth-dependent and con-
stant vertical eddy viscosity model. A similar structure
was found numerically by Tee (1987) with a no-slip
bottom boundary condition. This is also true in our
model results where a double cell cross-isobath circu-
lation pattern is centered at the shelf break on both
sides of the bank.

Our model results with stratification are similar in
some aspects to previous theoretical work. Based on
the depth-dependent tidal rectified model with a linear
density front, Loder and Wright (1985) predicted a
relatively strong cross-bank double cell circulation on
either side of Georges Bank due to the density front.
A similar structure was also found by Maas and Zim-
merman (1989b) at the point of maximum along-iso-
bath residual flow in an internal tidal model over small-
amplitude bottom topography where no tidal mixing
was included. Our numerical model does show a similar
structure over a finite-amplitude symmetric bank in
both weak and strong stratification cases. Unlike earlier
work, however, our model with stratification includes
three driving mechanisms: 1) a tide-induced front due
to turbulent mixing, 2) internal tide generation over
the slope, and 3) modified internal and bottom friction
due to stratification. The nonlinear coupling of these
three factors results in a single maximum core of along-
isobath residual flow over each side of the bank. In
addition, numerical experiments with different strati-
fication over different bank topographies allow a de-
tailed quantitative analysis of the effects of stratification
and bottom topography on tidal mixing and stratified
tidal rectification, which is not possible in existing an-
alytical models.

4. Diagnostic analysis for momentum and heat
balances

To better understand the driving mechanisms of
stratified tidal rectification over large topography, we
have made diagnostic computations for each term in
the momentum equations for both the homogeneous



2098

and strong stratification cases. As an example, Figs. 5
and 6 show the time series of each term in the mo-
mentum equations at ¢ = —0.033 (near the surface)
and —0.9 (near the bottom) at the 127-m isobath on
the slope for the homogeneous and strong stratification
cases with H; = 50 m and /, = 50 km (corresponding
to Fig. 3). Figure 7 shows each thermodynamic term
in the temperature equation at the same depths for the
strong stratification case.

a. Momentum and heat balances of tidal flow

In the homogeneous case (Fig. 5), the tidal mo-
mentum balance is characterized by the inertial-gravity
wave equations in which the local acceleration term is
balanced principally by the sum of the Coriolis and
pressure gradient terms in the cross-isobath direction
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and by the Coriolis term in the along-isobath direction.
Nonlinear advection terms behave as a first-order
modification for the inertial-gravity wave on the slope
and increase as the water depth becomes shallower,
reaching a maximum near the shelf break where the
strongest along-isobath residual current is located. The
vertical friction term is, in general, one order of mag-
nitude smaller than the Coriolis term and is only dis-
tinguishable near the bottom.

In the strong stratification case (Figs. 6, 7), the tidal
momentum balance is similar to that in the homoge-
neous case near the surface, but it is very complex near
the bottom. Time series of each term in the momentum
equations are significantly different near the bottom
between periods of flood (onbank current) and ebb
(offbank current) tides. The vertical friction term
gradually increases as the tide floods onto the bank and
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FiG. 5. Time series of terms in the momentum equations at ¢ = —0.033 near the surface (a and
b)and ¢ = —0.9 near the bottom (c and d) at the 127-m isobath over the slope for the homogeneous
case with H, = 50 m and /, = 50 km (Fig. 3a). Terms not shown in each panel are significantly

smaller than 107 m s™2,
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reaches a maximum after the maximum tide occurs,
causing a high-frequency internal wave borelike struc-
ture in u (Fig. 6c) and a small peak in T (Fig. 7b).
The period of this fluctuation is about 3 hours; it damps
very rapidly as the flood tide weakens and then returns
to the modified inertial-gravity wave equations similar
to the upper layer during the ebb tide. Since the hor-
izontal and vertical momentum fluxes tend to cancel
each other during the tidal period over the slope, the
vertical viscosity term may be responsible for the gen-
eration of the high-frequency internal wave bore. The
vertical eddy viscosity K., is significantly larger during
the flood tide period but rapidly decays with a damped
oscillation as the tidal current ebbs (Chen 1992), sug-
gesting that the turbulence-induced friction plays an
important role in dissipating the energy of the internal
wave bore. In addition, the horizontal temperature ad-

vection term is always opposite to the vertical temper-
ature advection term over the slope. These two terms
tend to cancel each other and the residue is generally
balanced by the vertical thermal diffusion, resulting in
a small local time variation of temperature over the
slope (Figs. 7a,b).

b. Momentum and heat balances of residual flow

Cross-bank distributions of significant dynamical
terms averaged over a tidal cycle in the momentum
equations for the case of H; = 50 m and /, = 50 km
are plotted in Fig. 8 for the homogeneous case. Unlike
the vertically averaged model where the cross-isobath
mean current is assumed to be zero (Loder 1980), the
Coriolis force becomes relatively important in the
along-isobath momentum balance and adds together
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with the horizontal advection to balance the vertical
friction. The basic balance in the cross-isobath direction
is between the horizontal advective and Coriolis terms.
The cross-isobath gradient of mean surface elevation
is, in general, one order smaller than the horizontal
advective term except at the edge of the bank, 7 km
away from the core of maximum along-isobath residual
current where the residual current is relatively small.
In summary, the basic momentum balance for the
mean flow in the homogeneous case is given by

du - a¢

—_—— = e O —— l
”a /o gax (16)

ov d D)

ol 7= — — 17
uax+fu 8zK'"az’ (7
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where the cross-isobath gradient of mean surface ele-
vation is, in general, one order smaller than the other
terms in the equation. These balance relations indicate
a simple driving mechanism by which the along-isobath
mean flow is generated through the momentum trans-
fer from tidal currents to mean flow against friction.
The flow reaches its steady state when the Coriolis force
term is balanced by the nonlinear advection term in
the cross-isobath direction and by the nonlinear ad-
vection and vertical friction terms in the along-isobath
direction.

Cross-bank distributions of the significant dynamical
and thermodynamical terms averaged over a tidal cycle
in the momentum and heat equations for the strong
stratification case are shown in Figs. 9 and 10. Unlike
the homogeneous case, all the dynamic terms except
the cross-isobath vertical friction become important in
the cross- and along-isobath momentum balances over
finite-amplitude bottom topography in the strong
stratification case. In the cross-isobath direction, the
horizontal advection term, which is significant only in
the upper 150 m near the shelf break and is surface
intensified in the homogeneous case, extends down-
ward along the slope to the edge of the bottom topog-
raphy and has a maximum at a depth of about 20 m
near the tidal front. Associated with increasing strati-
fication, the vertical advection term becomes larger,
with a negative extreme near the surface but positive
maximum near the bottom, just like a first baroclinic
mode. The tidal mixing front creates a core of maxi-
mum cross-isobath baroclinic pressure gradient cen-
tered at a depth of about 70 m and 10 km away from
the shelf break. This pressure gradient and the hori-
zontal and vertical advection intensify the along-iso-
bath residual current at the subsurface and over the
slope.

In the along-isobath direction, the horizontal and
vertical advection terms, which are relatively weak and
surface intensified in the homogeneous case, are con-
siderably increased as strong stratification is included
and are mainly characterized by a first baroclinic mode
in the vertical. Associated with these vertical distri-
butions of the nonlinear terms, the cross-isobath cur-
rent diverges at the front and converges on both sides
of the front near the surface and reverses near the bot-
tom, resulting in a cross-isobath double cell circulation
pattern centered at the front near the shelf break. The
mean temperature balance is relatively simple at tidal
mixing fronts. Since vertical thermal diffusion is in
general one or two orders of magnitude weaker than
the advection terms in the heat equation, the mean
temperature field is maintained through a basic balance
between horizontal and vertical temperature advection.
In summary, the basic momentum and heat balances
in the form of mean equations for stratified tidal rec-
tification are given by
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¢. Driving mechanisms of stratified tidal rectification

Figure 11 shows the mean eddy viscosity K,, at the
67-m isobath near the shelf break (H, = 50 m) for
homogeneous, weak and strong stratification cases. In
the homogeneous case, the predicted K,, is character-
ized by a parabolic curve in the vertical, with a max-
imum of 0.05 m? s™' near midwater depth. As weak
stratification is added, the magnitude of K,,, decreases
in the upper 40 m where the water is weakly stratified,
but the vertical structure of K,,, remains similar to that
in the homogeneous case. A significant reduction of
K, is found in the strong stratification case; K, is sig-
nificant only below 40 m where the vertical stratifica-

tion is weak due to tidal mixing. The maximum of K,
is reduced to 0.02 m? s™!, located at depths of either
45 or 60 m. Associated with the decrease of K,,,, the
vertical friction term

0 av

oz "oz
in the along-bank direction tends to decrease in the
offbank direction considerably as K,,, decreases and in-

crease at the middie depth at and near the shelf break
as stratification become stronger. The maximum of

d av
9z Ko 9z
at the 67-m isobath is only about 0.014 X 10™* m s
and is located at the surface in the homogeneous case
but it increases up to 0.041 X 10~ m s~ and shifts
down to a depth of 44 m in the strong stratification
case. The decrease in K, increases the vertical shear
in the tidal flow near the bottom, and this results in
an increase in the along-isobath residual current.
The generation of a tidal mixing front near the shelf
break in stratified cases produces a horizontal density
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gradient, which can create an additional along-isobath
residual flow. Nonlinear interactions between the
barotropic and internal tidal currents as well as between
internal tidal currents themselves strengthen the mean
momentum flux and thus intensifies the tidal rectifi-
cation process. The relative importance of these two

mechanisms can be estimated using a simple scale
analysis for the baroclinic pressure gradient (associated
with the tidal mixing front) and horizontal advection
term (associated with the nonlinear tidal interaction).
The following analysis is made for the case of H; = 50
m and /, = 50 km.
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Near the shelf break where the maximum along-
isobath residual current is located, the mean baroclinic
pressure gradient is equal to

3P

(—) =0.04 X 10"*ms2,

ox

while the maximum horizontal advection in the cross-
isobath direction is given by

(uéy-) =007 X 10 ms2
ax/,

in the homogeneous case and

ou
u—| =0.1 X10%ms™2
9x/,

in the strong stratification case. Thus, the mean baro-
clinic horizontal advection associated with stratified
tidal rectification can be estimated as

3 3
(u_’_‘) =(u?_‘£) _(u—”) =003 X 10~ ms2,
ax/, ax/, ox/,

which is the same order of magnitude as the mean
baroclinic pressure gradient. Therefore, both the tidal
mixing front and the nonlinear interaction between
the barotropic and internal tidal currents contribute
equally to the intensification of along-isobath residual
flow over the sloping bottom. It is because the nonlinear

CHEN AND BEARDSLEY

2103

interaction due to the internal tidal generation is so
important near the tidal mixing front that the semi-
geostrophic balance, which holds in a linear system, is
no longer valid over finite-amplitude sloping bottom
topography.

5. Energy argument for tidal mixing

The numerical model results for tidal mixing are
checked here using a simple energy argument. Ignoring
the effects of wind mixing, horizontal friction and ad-
vection, and freshwater input from rainfall and river
discharge, Simpson and Hunter (1974 ) found that ver-
tical tidal mixing is predominantly controlled by the
surface buoyancy flux and tidal energy dissipation.
When tidal energy dissipation is strong enough to
overcome the buoyancy input, the water will be ver-
tically well mixed. Otherwise, the water will remain
stratified. The transition zone between well-mixed and
stratified regions is located where these two processes
are balanced. This energy argument can be easily ex-
tended to our model problem as follows.

Suppose that the initial density distribution is linear
with depth; that is,

Py — Ps
7 Z 5 Ps

H

- @sz,
g

p=ps— (21)
where p,; and p, are the surface and bottom densities
and N is the Brunt-Viisild frequency. After a time
interval AT, the tidal current becomes stable and the
water density is vertically mixed in a layer of depth £,
above the bottom while remaining stratified in the rest
of the water column. The potential energies before and
after tidal mixing are given by
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FIG. 11. Vertical distributions of the mean eddy viscosity K, (a)
and mean temperature (b and c¢) at the 67-m isobath near the shelf
break for the homogeneous (dash line), weak (solid line) and strong
(heavy solid line) stratification cases with H; = 50 m and /, = 50 km
(Fig. 3).
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where H is the water depth over the top of the bank.
The potential energy required for the vertical mixing
is thus equal to

polN?
12
Let v be the bottom friction coefficient and U a typical

tidal current, then the average rate of dissipation of
tidal kinetic energy is approximately

APE = PE(,:AT) - PE(;:()) = hf,, (24)

€ = s = = vaol, (25)
3

where 7, is the bottom stress and u; a bottom velocity

related to U (see Simpson and Hunter 1974). Part of

this tidal kinetic energy dissipation § is used over the

period AT to produce the potential energy needed for

vertical mixing, so

M 3 - i 3
5 hl = (3« vpoUAT|6. (26)
Thus
B = (1648ATU3/N?7 )1 /3. 27)

This criterion implies that the thickness of the tidal
mixed layer depends directly on the magnitude of the
tidal current and inversely on the initial stratification.
Approximate values of 6 and vy can be determined from
laboratory experiments and field observations. Simpson
and Hunter (1974) suggested a value of § = 0.0037 for
the Irish Sea, which later was derived theoretically by
Hearn (1984). Usually v is taken as 2.5 X 1073, Pro-
vided that these two empirical constants are applicable
to our numerical experiments, this criterion should
correctly predict the thickness of the tidal mixed layer
found in our model experiments. '
For a given tidal current and stratification, our nu-
merical experiments show that the timescale of tidal
mixing AT depends on the vertical resolution used in
the model. As an example, Fig. 12 shows a time se-
quence of temperature on the top of the bank obtained
using three different vertical resolutions. Although these
three cases predict the same mixed layer depth, it takes
about one day longer for the mixed layer temperature
in the low-resolution case (KB = 31) to equal that ob-
tained with higher resolution (KB = 61). When KB is
increased further to 91, AT shows little difference.
Based on AT obtained in the experiment with higher
vertical resolution, Eq. (27) predicts a mixed layer with
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a thickness of 40.7 m for the strong stratification case
indicated in Fig. 12, where N = 0.85 X 1072s., U
=45 cm/s, and AT = 13.1 days. This value is in good
agreement with the mixed layer thickness of 42 m pre-
dicted by our numerical model, implying that the Mel-
lor and Yamada (1982) level 21/ turbulent closure
model and the above energy argument are mutually
consistent.

6. Structure of internal tides

Time sequences of the cross-isobath and vertical ve-
locities during one half of a tidal cycle over the upper
slope are presented every 0.83 hours in Fig. 13 for the
homogeneous and strong stratification cases with H,
= 50 m and /, = 50 km (corresponding to Fig. 3). In
the homogeneous case, the cross-isobath tidal current
intensifies at the surface and decreases significantly in
the bottom boundary layer (Fig. 13a). Correspond-
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Fi1G. 12. Time sequence of temperature contours on the top of the
bank with three different vertical resolutions (a: KB = 31; b: KB
=61; c: KB = 91). The water depth H, = 100 m over the bank, and
H, =300 m away from the bank. The topographic scale /, = 50 km.
The contour interval is 0.1°C.
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The time interval is 0.83 hour. The water depth on the top of the
bank H,; = 50 m and topographic scale /, = 50 km.

ingly, the vertical velocity increases almost linearly with
depth due to varying bottom depth except in the bot-
tom boundary layer where the currents decrease toward
the bottom (Fig. 13b). In the strong stratification case,
however, the cross-isobath and vertical tidal velocities
exhibit relative maxima at 30-40 m above the bottom
over the slope where the vertical stratification is stron-
gest. Such a near-bottom intensification of tidal cur-
rents on the slope is consistent with theory (Wunsch
1975) and observations on the northwestern Australian
shelf (Holloway 1984).

It should be noted here that the time-dependent
profiles of model tidal currents shown in Fig. 13 cannot
be used directly to describe the internal tidal propa-
gation because of the nonlinear coupling between bot-
tom friction and stratification. The existence of the
nonlinear bottom friction can induce vertical tidal
motion even in a homogeneous fluid, so that vertical
modes predicted from the model should include both
the friction-induced barotropic and stratification-in-
duced baroclinic modes. Since these two factors are
nonlinear coupled, they cannot be directly separated
from our model results. For this reason, we calculated
the eigenmodes of the vertical velocity from temper-
ature predicted from the model and the associated
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phase speeds for the first three modes using a fourth-
order Runge-Kutta shooting method. Distribution of
mean temperature, mean Brunt-Viisdld frequency,
and the first three vertical velocity modes at the 300-
m and 84-m isobaths on the southern side of the bank
are shown in Fig. 14. These results show that the in-
ternal tide tends to decrease in wavelength and reduce
its phase speed as the water becomes shallower. The
phase speed of the first mode internal tidal wave is 1.95
m s~ in the deep region but reduces to 0.25 ms™'
(during flood tide) or 0.48 m s~' (during ebb tide) at
the 84-m isobath. Correspondingly, the wavelength of
the first internal mode is 87 km in the deep region,
while it is only 11 km (during flood tide) or 20 km
(during ebb tide) over the slope. It is also true for the
second and third modes, implying a strong internal
wave dissipation over the slope where tidal mixing is
significant. These features are consistent with obser-
vations over Georges Bank (Moody et al. 1984; Mars-
den 1986; and Loder et al. 1992) and over the northern
California continental shelf (Rosenfeld 1987).
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FIG. 14. Distribution of temperature (left), N (middle), and vertical
velocity modes (right) at station A, 10 km away from the base of the
bank, and at the 84-m isobath at station B over the upper slope. The
station locations are shown at the top left in Fig. 8. The water depth
on the top of the bank H; = 50 m and topographic scale /, = 50 km
(Figs. 3d,e). The units are km for wavelength (L;) and m s™* for phase
speed (¢;). B(1) and B(2) are two different cases during flood and ebb
tides at the 84-m isobath, respectively.
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7. Conclusions

Numerical experiments for homogeneous, weak, and
strong stratification cases over different finite-amplitude
symmetrical banks provide a detailed picture of strat-
ified tidal rectification. In the homogeneous case, the
tidal currents are characterized by the linear inertial-
gravity wave equations modified by nonlinear advec-
tion. The nonlinear interaction.of these tidal currents
with the variable bottom topography generates an
along-isobath jetlike residual current over both sides
of the bank, which tends to increase as either the slope
or height of the bank is increased. When initial strat-
ification is included, tidal currents become modified
by nonlinear advection, the baroclinic pressure gra-
dient, and vertical friction. Internal waves at tidal and
higher frequencies are generated over the sloping sides
of the bank, and tidal mixing occurs in the bottom
boundary layer, which leads to horizontal tidal mixing
fronts near the shelf break on both sides of the bank.
The resulting stratified tidal rectification leads to a sub-
surface intensification of the along-isobath residual
current at the front and at the top of the bottom mixed
layer over the slope and a cross-bank double cell cir-
culation pattern centered at the front near the shelf
break. The predicted residual currents agree well with
previous analytical and numerical work in the ho-
mogeneous case and are consistent with theories of
stratified tidal rectification. Model results for tidal
mixing are in good agreement with a simple energy
argument in which the thickness of the tidal mixed
layer is proportional directly to the magnitude of the
tidal current and inversely to stratification.

The basic momentum and heat balances for residual
currents over a finite-amplitude symmetric bank are
discussed using a diagnostic analysis. In the homoge-
neous case, the mean momentum is balanced between
the Coriolis term and horizontal nonlinear advection
in the cross-isobath direction, and among the Coriolis
term, the horizontal nonlinear advection, and vertical
friction in the along-isobath direction. When stratifi-
cation is included, all dynamical terms except the cross-
isobath vertical friction term become important in the
cross- and along-isobath momentum balances, illus-
trating the complex nonlinear nature of stratified tidal
rectification. Scaling analysis based on the model results
for strong stratification clearly shows the importance
of three phenomena that contribute to driving the re-
sidual flow in stratified tidal rectification over a finite-
amplitude bottom topography: 1) the formation of a
tide-induced front due to turbulent mixing, 2) the gen-
eration of internal waves at tidal and higher frequencies
over the slope, and 3) the modification of internal fric-
tion by stratification. All three phenomena arise when
the fluid becomes stratified, and their nonlinear inter-
action contribute to the complexity of stratified tidal
rectification.

JOURNAL OF PHYSICAL OCEANOGRAPHY

VOLUME 25

Acknowledgments. This research was supported by
the National Science Foundation under Grants OCE
87-13988 and OCE 91-01034, and by the National
Center for Atmospheric Research under computer time
Grants 35781029 and 35781035. This research would
have not been possible without the support of Alan
Blumberg and Rich Signell, who allowed us to use the
ECOM-si version of the Blumberg and Mellor coastal
circulation numerical model and helped us understand
the original three-dimensional numerical code. Also,
we want to thank Ken Brink, Dave Chapman, Glenn
Flierl, Glen Gawarkiewicz, Rocky Geyer, Hsiaoming
Hsu, Steve Lentz, John Loder, Paola Rizzoli, Sandra
Werner, and Carl Wunsch for their interest in this work
and valuable comments and suggestions. We also want
to especially acknowledge George Mellor, who helped
us understand o-coordinate finite-difference errors and
who clarified the derivation of (All). Anne-Marie
Michael helped prepare the final manuscript, and Jack
Cook helped prepare the final figures.

- APPENDIX
Discussion on ¢-Coordinate Errors

In the o-coordinate system, the baroclinic pressure
gradient in the cross-isobath direction is determined by

opP, 3 J‘ 0 aD (° dp'
—=g|D— 'do — — —d Al
ax g( axd, P o ), T ag %) (AD
where p’ = p — p(Xx, ), p(x, o) is the initial reference
state derisity transformed from the initial state p(z)
=L [y p(x, z, = 0)dx, L the length of the com-
putational domain, and D = H(x) + { the total depth.
In the ECOM-si model, P,, is calculated using the
finite-difference scheme
AP, g

—— = 7o 2 (DAyp'Ac = aADA,p"),

Ax Ax (A2)

where A, and A, are difference operatbrs in the x and
o directions, respectively. The full expression of (A2)
is given by

(AP,,) _ (AP,,)
AX /i (i AX Ji 12y h—1r2)

1 - ]
+ Kg)_c [§ (Aok + Aoy} (D + Dimt)(pik+(1/2)

= Pictk+r(1/2) T Pik—(172) — Pim1k—1/2))

Ok
+ £ (D: = Di)(pigr1s2) + Picris1/2)

~ Pik-q/2) P?—l.k~<1/2))} , (A3)
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where i and k are gridpoint indices in the x and ¢ di-
rections, respectively; k ranges from 2 to KB — 1, where
KB is the number of ¢ grid points with ¢, = 0, ogp
= “1, and Adk = (O’k - o‘k+1).

In our numerical experiments, the initial density is
specified to be a linear function of z; that is,

_ _ _ [P Po
p(1=0) = po (————Hd )z,

(A4)
where pg and p, are the surface and bottom constant
reference densities. If no forcing is imposed on the sys-
tem and there is no diffusion, the perturbation density
remains zero for all time, and hence no AP,/ Ax will
be produced. This suggests that the s-coordinate trans-
formation will not generate erroneous motion over
steep topography in an inviscid ocean at rest if only
the perturbation density relative to a horizontal uni-
form state density is used to calculate the baroclinic
pressure gradient. However, once diffusion occurs or
the system is forced externally,

p'#0, (AS5)

which makes the fluid start to move by a nonzero baro-
clinic pressure gradient. For a two-dimensional model,
the perturbation density becomes a function of x, z,
and ¢, which can be written as

p'=p'(z,t) + p"(x,2,1), (A6)

where the average of p” in the x direction equals zero.
Because p' is independent of x, it should not generate
a horizontal pressure gradient in numerical compu-
tations. In the o-coordinate system, however, p’' be-
comes a function of x on sloping ¢ surfaces, so that a
small computational error in the finite-difference
scheme (A3) may cause an erroneous horizontal pres-
sure gradient from a nonzero p’' (Haney 1991).
Using Haney’s analytic approach, we assume that

p'=po+B(—z)" and z=H(x)s, (A7)

where § is constant and the total depth D is approxi-
mated by H(x). Substituting (A7) into (A3) yields the
discrete baroclinic pressure gradient

(AP';,) 3 (AF;,)
Ax i~(1/2),k+(1/2) AX i=(1/2),k—(1/2)

g(—1)”"
+ Ax

XD} = DL ke T Gk—172))

5[% (Ao + Aoy WD + Diy)

+ f’z—k (D; — Di_,)(D? + D1y)

X (Uﬁ+(1/2) - UZ—(I/z))} . (AS)

CHEN AND BEARDSLEY

2107

For n = 1 (a linear density perturbation), (A8) re-
duces to

AX i (1y2y ke i) AX [ 1r2yi—1/2)
+ 2 (D7 D2 (8 ~ (B)?). (A9)
16Ax ! !

If the o grid is uniform in the vertical, that is, Aagy
= Aok_, = Ao .

(Aﬁ’b) B (AP'Q,)
AX i (ks AX /i (1 mye-ar2)

In the ECOM-si model, the difference scheme is de-
signed in a way that the baroclinic pressure gradient
P}, is equal to zero at the first computational level (at
oy 1/2) from the surface. This with (A10) indicates that
the ECOM-si code with a uniform ¢ grid produces no
a-coordinate errors when the horizontal-averaged per-
turbation density p’ is a linear function of z.

For higher-order (n = 2) density distributions, the
finite-difference scheme will cause an error in the baro-
clinic pressure gradient over a sloping bottom. For ex-
ample, when n = 2, (A8) with a uniform grid re-
duces to

(A}S'I,) _ (Aﬁ},)
Ax i izmarar AX i 1y2ya-iry

i - ;
4 88A0ADD [A02 - (i‘f—)) ai} . (All)

(A10)

2Ax D
where AD = (D, — D, ) and D_ = (D, + Di—] )/2 Since
AD = —aAx where « is the local bottom siope, the

finite-difference error at each level vanishes as a goes
to zero. Equation (A11) is similar in form to the o-
coordinate, finite-difference error in the horizontal
gradient of buoyancy derived by Mellor et al. (1994).
Both error expressions, their (7) and (Al11), include

the term
AD\?
o= (%) 1}

indicating that the discretization error is proportional
to the difference between two terms, the first indepen-
dent of k and the second increasing downward as ¢7.
As discussed by Mellor et al. (1994), the error depends
critically on which term is larger; usually in cases with
realistic continental margin topography,

AD _ Ac

D o
near the bottom and the second term dominates. Since
the error is additive downward, (A11) can be easily

summed to obtain the baroclinic pressure gradient error
in the bottom o layer at ogp-(1/2),

(A12)
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572
- gﬁf a(l — Ad)

AP
Ax

)i—(l/l),KB—(l/Z)
2
2 _ alx (2 + AO’) Al3

where Ao = 1 /(KB — 1). Equation ( A13) demonstrates
that the finite-difference error at the bottom vanishes
as Ac? and Ax? vanish and can be used to estimate a
geostrophic error velocity V,, where

1 (AP},
el (8)
pof KB—(1/2)

The first term in (A13) tends to produce an along-
isobath geostrophic flow with shallow water on the left
centered at a depth deeper than where the bottom slope
is maximum, while the second term tends to produce
a flow in the opposite direction centered on the max-
imum bottom slope. In the case of steep topography
where (aAx)? > (DAcs)?, the second term in (A13)
dominates, and V, simplifies to

gﬁ a
pof 6

Even though large error velocities can be initially gen-
erated over very steep topography, Mellor et al. (1994)
show that the baroclinic pressure gradient errors will
be advectively eliminated in long-time integrations.

In our numerical experiments, the standard bank
topography (Hs = 50 m, /, = 50 km) has a maximum
bottom slope « = 0.008 at H = 175 m. For As = 0.033
(KB =31)and Ax = 1.25 km, the two terms in (A13)
are comparable in magnitude, resulting in a small
maximum error velocity V, =~ —0.005 cms™' at H
= 270 m, where a value of 8 has been estimated from
the numerical density profile to be § ~ 3.4 X 1076
(corresponding to N2 ~ 1073 s~2). For the case of the
steepest topography considered here (Hg = 50 m, /,
= 12.5 km), the maximum bottom slope is « = 0.031,
and the second term in (A13) dominates, resulting in
a maximum error velocity V, ~ 0.24 cms™! at H
=175 m.

In the real ocean, diffusion near the slope tends to
mix the water in the vertical, and the condition of no-
density flux into the sloping bottom requires that the
density contours encounter the slope at a right angle
(Wunsch 1970; Phillips 1970). Using a simple thermal
boundary layer model, Wunsch (1970) estimated the
thickness of the bottom diffusive layer, which is pro-
portional to

(A14)

V, ~ (A15)

& ~ (K Ku)/*N'2, (A16)

When the fluid horizontally moves into the boundary,
thermal diffusion will reduce its density and hence
cause it to upwell along the slope. The vertical velocity
based on Wunsch’s theory is about
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w ~ (KnKy)*N'2, (A17)

When rotation is included, an along-isobath flow can
be generated in such a thermal boundary layer. Facing
downstream in the direction of the current, the lighter
water is located on the left (for positive f). That the
maximum finite-difference error in the s-coordinate
baroclinic pressure gradient occurs at the bottom over
steep topography and, in general, produces a current
opposite to the true diffusive current predicted by
Wunsch’s theory provides us with a simple way to es-
timate the o-coordinate error by checking if the nu-
merical model flow is consistent with the predicted dif-
fusive flow.

An example for comparison of our numerical model
results with Wunsch’s theory is given next. In our nu-
merical experiments, we have taken K,,, = K for sim-
plicity. This means that the predicted thickness of the
thermal boundary layer and the vertical magnitude of
vertical velocity simplify to

6~VK,/N and w~ VK,N.

For the case of H; = 50 m and /, = 50 km, the nu-
merically predicted K,, = 0.007 m?s~! and N2
3m,and w ~ 0.7
X 1072 cm s~ there. Substituting the numerical values
of K,,, and N into Wunsch’s formula gives

§~15m and w~047cms},

which is comparable with the numerical result in the
thickness of the thermal boundary layer although not
in the vertical velocity. The along-isobath geostrophic
velocity can be easily estimated based on Wunsch’s
theory. Let density outside and inside the thermal
boundary layer be given by

Pl
0 H

J (outside the thermal boundary layer)
g =
Py ™ Po

17 (z + x' cota;)

Po ™

! (inside the thermal boundary layer)
(A18)

so that the pressures at point A and B (see Fig. Al)
are equal to

— Po

P, —-Po+gpoAh+g 2H Ak,
Py = Py + gpohh + g 22— Ap2
2H
- gu Ax cotajAh. (A19)
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FI1G. Al. Schematic density distribution in and out of the thermal
boundary layer; § is the thickness of the thermal boundary layer over
the slope, «, is the bottom slope, and A is the vertical spacing between
density surfaces p, and pp.;.

The along-isobath geostrophic flow is then estimated
as

1 aP N?
V=—_—=——cota,Ah.
Jpo 0x S :
Since Ax = § sina; and Ak = AXx tana,, the above
equation reduces to

(A20)

2
V=- T é sing;.
Taking N? = 1073572, § = 3 m, and sine; = 0.005,
the alongbank bottom current due to diffusion is V'
~ —0.15 cm s~!. In our numerical experiment, we
found that V' = —0.1 to —0.2 cm s™'.

This is in good agreement with the theoretical pre-
diction, suggesting that the g-coordinate, finite-differ-
ence error should be significantly smaller than the
thermal boundary layer current in this case. Based on
similar analyses made for the other numerical exper-
iments, the numerical errors in the along-isobath ve-
locity over the steep bottom slope in our numerical
experiments are believed to be of order 0.1 cm s™! or
less, about 1% or less of the maximum residual current
over the slope.

(A21)
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